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Abstract
The geometrically rigorous nonlinear analysis of elastic shells is considered in the context of finite, but
small, strain theory. The research is focused on the introduction of the full shell metric and exami-
nation of its influence on the nonlinear structural response. The exact relation between the reference
and equidistant strains is employed and the complete analytic elastic constitutive relation between en-
ergetically conjugated forces and strains is derived via the reciprocal shift tensor. Utilizing these strict
relations, the geometric stiffness matrix is derived explicitly by the variation of the unknown metric.
Moreover, a compact form of this matrix is presented.
Despite the linear displacement distribution due to the Kirchhoff-Love hypothesis, a nonlinear strain
distribution arises along the shell thickness. This fact is sometimes disregarded for the nonlinear analysis
of thin shells based on the initial geometry, thereby ignoring the strong curviness of a shell at some
subsequent configuration. We show that the curviness of a shell at each configuration determines the
appropriate shell formulation. For shells that become strongly curved at some configurations during
deformation, the nonlinear distribution of strain throughout the thickness must be considered in order to
obtain accurate results.
We investigate four computational models: one based on the full analytical constitutive relation, and
three simplified ones. Robustness, efficiency and accuracy of the presented formulation are examined
via selected numerical experiments. Our main finding is that the employment of the full metric is often
required when the complete response of the shells is sought, even for the initially thin shells. Finally,
the simplified model that provided the best balance between efficiency and accuracy is suggested for the
nonlinear analysis of strongly curved shells.
Keywords: strongly curved Kirchhoff-Love shell; nonlinear analysis; reciprocal shift tensor; analytical
constitutive relation;
1 Introduction
Thin shells are essential components of various modern-day engineering structures and their analysis is
a classical topic of applied mechanics, [1]. Due to permanent advances in computational capabilities and
increasing requirements from industry, the development of more accurate mathematical and mechanical
models is an everlasting topic. The nonlinear analysis of thin shells is often performed assuming the
1
ar
X
iv
:2
00
8.
05
25
4v
1 
 [m
ath
.N
A]
  1
2 A
ug
 20
20
linear elastic stress-strain relation which is appropriate when these structures exhibit finite displacements
and rotations but small strains. The analysis of arbitrarily curved elastic shells is often simplified by
neglecting higher-order terms in the metric and the strain-displacement relation.
The seminal work by Naghdi, [1], is recommended as a primary source for shell theory, while a com-
prehensive overview of contemporary achievements in shell theories and finite element applications can
be found in [2]. Besides the classical finite element method, [3, 4], several other efficient techniques
exist, such as the meshfree approaches, [5, 6], the generalized quadrature method, [7], and the finite
strip method, [8]. Also, there is ongoing work on the enhancements of shell theories, see e.g. [9]. In
the following, we will focus on the contributions within the scope of isogeometric analysis (IGA) [10],
since it is the discretization technique employed herein. IGA utilizes CAD basis functions (e.g. NURBS)
for finite element analysis. They are employed for the description of the geometry as well as the phys-
ical fields. Many useful computational properties stem from this approach, the most prominent one is
increased interelement continuity, which provided new impetus for the development of thin shell formu-
lations.
The first IGA Kirchhoff-Love (KL) shell element was developed in [11] where the required continuity
between KL elements is easily handled within the scope of IGA. Since the second-order derivatives of
displacements are present in the variational equations of the KL theory, the approximative functions
must have at least C1 interelement continuity. Using NURBS basis functions enables Cp-1 interelement
continuity where p is the order of the basis. This alleviates locking issues which often occur due to low
order discretizations. Furthermore, higher continuity allows the implementation of the KL shell models
without rotational DOFs. A large deformation rotation-free formulation was presented in [12] where
different choices for defining the shell normal vector are discussed. The formulation for compressible and
incompressible hyperelastic thin shells that can use general 3D constitutive models is developed in [13].
Numerical tests, including structural dynamics simulations of a bioprosthetic heart valve, emphasize the
good performance and applicability of the present method. An extended IGA for the analysis of through-
the-thickness cracks is developed in [14] while the application of the subdivision algorithm is discussed
in [15]. In all these papers, a linear strain distribution is assumed.
Nonlinear buckling of thin shells is considered in [16] where a reduced-order model based on Koiter
perturbation is utilized as a predictor, leading to an improved efficiency. An isogeometric KL shell
formulation is extended to the large strain elasto-plastic analysis using a stress-based approach in [17].
Furthermore, a reduced model with a simplified strain measure is considered in [18] and no significant
loss of accuracy is detected, even for very large displacements and composite structures. The authors in
[19] analyze shell models extracted from 3D continua and those directly formulated in a 2D manifold
form in which the 2D Koiter model gives excellent performance.
The construction of complex structures consisting of multiple shell patches is an important aspect of
IGA shell analysis. The bending strip method is introduced in [20] while the coupling without penalty or
stabilization parameters is suggested in [21]. Another coupling approach for IGA and meshfree methods
is considered in [22]. The choice of the inner surface as the reference surface is studied in [23] which
proves important for fluid-structure interaction analysis when the fluid is inside a shell structure.
While most IGA KL implementations focus on NURBS basis functions, other CAD basis functions
may also be used. For instance, the application of subdivision surfaces [24] or T-splines [25] was dis-
cussed. The latter shows that various trimmed geometries can be converted to T-splines and used in the
analysis. Trimmed geometries are omnipresent in most engineering CAD models, but they also impose
several computational challenges [26]. In the context of isogeometric KL analysis, the adequate integra-
tion of trimmed surfaces and the application of boundary conditions using penalty approaches [27], [28]
or Nitsche’s method [29, 30, 31] were of particular interest.
While this research deals exclusively with KL shells, we draw attention to the fact that the first IGA-
based thick shell formulation within the scope of Mindlin-Reissner theory is presented in [32] while
implicit dynamics are considered in [33]. Since the rotation field is independent of the displacement
field, Lagrange-based finite elements with C0 interelement continuity are well-suited for these shells,
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[34]. Nevertheless, IGA provides important enhancements for the modeling of Mindlin-Reissner shells,
such as the exact initial geometry and increased smoothness of both rotational and displacement fields,
[35, 36]. Interesting work is given in [37], where two hierarchic finite element formulations for geo-
metrically nonlinear shell analysis including the effects of transverse shear are presented. Both methods
combine a fully nonlinear KL shell model with hierarchically added linearized transverse shear compo-
nents. The underlying assumption is that in most practical applications the transverse shear angles are
small, which is confirmed by various numerical experiments. The hierarchic construction results in an
additive strain decomposition into two parts: one resulting from the membrane and bending deformation
and the other from transverse shear. The authors conclude that large rotations of Mindlin-Reissner shells
can be modeled without parametrizing the corresponding rotation tensor.
It is often reckoned that KL theory is appropriate for thin shells with h/R ≤ 0.05, where R is the
minimum shell radius of curvature and h is the thickness, [22]. This limit is not strict, however, and it
is a subject to be further investigated, [1]. Unlike strongly curved beams, [38, 39, 40, 41, 42], strongly
curved shells are rarely considered in the literature. The influences of the approximation of shift tensor,
nonlinear strain distribution and integration through the thickness of thick shells are discussed in [2].
The classification of thin shell models with emphasis on strongly curved shells is considered in [43]
using the asymptotic expansion technique. The same method is utilized in [44] for the study of thick KL
shells. This relative lack of literature is attributed to the fact that the KL theory is appropriate for the
thin shells. The ratio h/R is already mentioned as the one type of a measure of shell slenderness. We
suggest a more comprehensive measure of slenderness, the product Kh, where K is the absolute value of
the trace of the curvature tensor. We will refer to this quantity as the curviness of a shell, analogously
to beams, [41]. Therefore, the construction arbitrarily curved refers to the curviness of a shell and not
merely to its curvature. Since we are dealing with nonlinear analysis, this parameter will be considered
during the whole deformation process, [2]. As strict limits do not exist, we will refer to the shells with
curviness Kh≤ 0.05 as small-curvature shells, while all the others belong to the class of strongly curved,
i.e. big-curvature shells. It is emphasized that this measure has a strictly local character.
The present research is based on [45] but with significant improvements and implementation. In order
to thoroughly study arbitrarily curved KL shells, the complete metric of the shell is considered here and
exact relations between strain at the equidistant surface and reference strains are employed. Analytical
integration of the virtual power along the thickness is complex due to the presence of higher order ra-
tional functions in the constitutive relation, as noted in [19, 2], although the mathematics is well-posed,
[1]. This integration is the main contribution of the present research. We propose to utilize the analyt-
ical expression for the reciprocal shift tensor. The full metric can be considered numerically, as well.
Analytical integration, however, allows us to define reduced constitutive models and compare them with
the complete one. The simplification is not applied in the strain-displacement relation for these reduced
models, but in the constitution itself. We show that the simplest constitutive plate model that decou-
ples bending and membrane actions gives reasonably accurate results for small-curvature shells, whereas
more involved coupling is required for strongly curved shells. Furthermore, the geometric stiffness ma-
trix is derived explicitly by the variation of the current, unknown metric. This includes the variation of
Christoffel symbols, the determinant of the metric tensor and the normal. Considering the complexity
of these expressions, elegant and compact form of the geometric stiffness matrix is obtained. Finally,
the validity of the present formulation is confirmed via several numerical examples. By considering the
efficiency analysis and accuracy of results, the most involved reduced model is recommended as the
favorable one.
The paper is structured as follows. The next section deals with the metric of a shell with the emphasis
on the reciprocal shift tensor. Subsequently, the strict definition of the shell’s kinematics is introduced
and the rigorous relation between equidistant and reference strains is highlighted. The virtual power of
an arbitrarily curved shell is postulated and discretized in the fourth section. It is shown that through-
the-thickness integration can be performed analytically. Thorough numerical experiments are given in
the fifth section and these are followed by the conclusions.
3
2 Metric of the shell continuum
A detailed and rigorous definition of the shell metric is presented in this section. The classical KL
assumption states that a straight line element is rigid and remains perpendicular to the shell’s midsurface
in the deformed configuration. This assumption leads to the degeneration of a 3D continuum model into
an arbitrarily shaped surface. Note that another approach also exists in which the surface is primarily
observed and the so-called directors are introduced at each point on the surface, [1, 2]. The material law
that follows from this approach, however, neglects the influence of curvature of the shell, restricting its
applicability solely to small-curvature shells, [2]. The present analysis is performed with respect to the
convective frame of reference while the complete shell kinematics is defined by the translation of shell
midsurface.
Remark. It is interesting to note that the convective coordinate frame is not an arbitrary choice among
the spatial coordinate frames. We must find coordinates and base vectors in order to fully describe the
metric of the spatial configuration. This is a significant issue since we are essentially dealing with one
equation with two unknowns. The solution is to keep one quantity constant, either the coordinates or
the base vectors. It is a standard practice in computational mechanics to keep the coordinates constant,
which gives rise to the convective description, where every particle at each configuration has the same
coordinates.
Regarding the notation, boldface lowercase letters are used for vectors, while uppercase is used for
tensors and matrices. An overbar designates the quantity at the equidistant surface of the shell while the
asterisk sign is used to designate deformed configuration. Finally, the hat symbol designates the local
component of a vector, with respect to the curvilinear coordinates. The direct and index notations are
applied simultaneously, depending on the context, and the standard summation convention is adopted.
The Greek index letters take values of 1 and 2 while the Latin indices take values of 1, 2, and 3. Partial
and covariant derivatives with respect to the mth coordinate are designated with (),m and ()|m, respectively.
The elaboration on the NURBS-based IGA surface modeling is excluded for brevity since it is readily
available in the literature. For a detailed insight into the IGA, references [10] and [11] are recommended.
2.1 Metric of the midsurface
The midsurface of a shell with respect to the Cartesian coordinates is determined by its position vector
r= {x = x1,y = x2,z = x3} which will be described as:
r= xmim =
N,M
∑
I,J=1
RIJ(ξ ,η)rIJ, xm =
N,M
∑
I,J=1
RIJ(θα)xmIJ, (1)
where RIJ are bivariate NURBS basis functions, rIJ = {xIJ,yIJ,zIJ} are the position vectors of the control
points IJ, while N and M are the total numbers of control points along the ξ and η directions, respec-
tively, [10]. Furthermore, im = im are the base vectors of the Cartesian coordinate system while θα are
coordinates ξ and η such that θ 1 = ξ and θ 2 = η , see Fig. 1.
Tangent vectors of the midsurface are given by
gα =
∂r
∂θα
= xm,α im, x
m
,α =
N,M
∑
I,J=1
RIJ,αxmIJ, (2)
where xm,α are the partial derivatives of the Cartesian components of the midsurface with respect to the
θα coordinates. In order to describe the complete geometry of a shell, the third coordinate θ 3 = ζ is
required. Due to the KL hypothesis, this coordinate line is rigid, straight and perpendicular to the θα
coordinate lines. It follows that the base vector g3 and its reciprocal counterpart g3 are the same. They
have the unit length and represent the normal at each point of the shell midsurface:
g3 = g3 =
1√
g
(g1×g2) = xm,3im, xm,3 = xm,3 =
1√
g
xk,1x
l
,2eklm, (3)
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Figure 1: The mapping between (center) the parameter domainP , (left) reference and (right) deformed
configurations of a Kirchhoff-Love shell. The shell boundaries are colored with solid green
lines, the equidistant surface is indicated by dashed red lines, and the midsurface is colored
in gray with black boundaries. Quantities at the deformed configuration are denoted with an
asterisk while those at the equidistant surfaces have an overbar.
where eklm is permutation symbol while g is the determinant of the metric tensor of shell midsurface:
gi j =
xm,1xm,1 xm,1xm,2 0xm,2xm,1 xm,2xm,2 0
0 0 1
=
g11 g12 0g21 g22 0
0 0 1
 , g12 = g21, g = detgi j = g11g22−g122. (4)
The reciprocal metric tensor of midsurface is:
gi j = gi j−1 =
1
g
 g22 −g12 0−g12 g11 0
0 0 g
=
g11 g12 0g21 g22 0
0 0 1
 , detgi j = 1/g, (5)
while the reciprocal tangent vectors are:
g1 =
1√
g
(g2×g3) = x,1n in, x,1n =
1√
g
xm,2x
k
,3emkn,
g2 =
1√
g
(g3×g1) = x,2n in, x,2n =
1√
g
xm,3x
k
,1emkn.
(6)
In order to completely define the metric of the midsurface, the Christoffel symbols are required. They
stem from the differentiation of the base vectors with respect to the curvilinear coordinates, [1]:
gα,β = x
m
,αβ im = Γαβkg
k = Γnαβgn⇒
{
Γαβk = xm,αβ xm,k
Γnαβ = x
m
,αβ x
,n
m
⇒ Γnαβ = gnkΓαβk. (7)
Here, Γαβk and Γnαβ are the Christoffel symbols of the first and the second kind, respectively. The
components of the differentiated base vectors with respect to the Cartesian coordinates are:
xm,αβ = Γ
n
αβ x
m
,n = Γαβnx
m,n. (8)
The Christoffel symbols of the second kind related to the third coordinate line Γ3αβ are of special
importance since they represent curvatures of the surface with respect to the coordinate system θα . They
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determine the curvature tensor and it is a common practice to designate a particular symbol for them, i.e.,
Γ3αβ = bαβ . The components of the curvature tensor of a surface can be determined by differentiating
the normal with respect to the curvilinear coordinates:
g3,α =−Γµ3αgµ =−bµαgµ , (Γ33α = 0), (9)
where bµα are mixed components of the curvature tensor which relate to the covariant ones by b
µ
α =
gµνbνα , [1].
2.2 Metric of an equidistant surface
The surface which consists of points that are equally distanced from the shell midsurface, measured
along the midsurface normal, is referred to as the equidistant surface, Fig. 1. The position vector of an
equidistant surface and its appropriate tangent vectors are:
r¯= r+ζg3,
g¯α =
∂ r¯
∂θα
= gα −ζbναgν = (δ να −ζbνα)gν = C¯ναgν , C¯να = δ να −ζbνα ,
(10)
where C¯να are components of the shift tensor, [46], while δ να are components of the Kronecker tensor.
This expression reveals the fact that the normal g3 = g¯3 and the tangent vectors of an equidistant surface
are mutually orthogonal:
g3· g¯α = C¯ναg3ν = 0. (11)
Furthermore, the metric tensor and its determinant at an equidistant surface are:
g¯αβ = g¯α · g¯β = C¯µαC¯νβgµν ,
g¯ = det g¯αβ =
(
detC¯µα
)(
detC¯νβ
)
g.
(12)
Using the relations
detC¯µα = det
(
δ µα −ζbµα
)
= 1−ζbνν +ζ 2b, b = detbµα , bνν = Trbµα , (13)
the determinant of the metric tensor at an equidistant surface reduces to:
g¯ =
(
1−ζbνν +ζ 2b
)2
g = g02g, g0 = detC¯
µ
α , (14)
where g0 is the determinant of the shift tensor, also known as the shifter, [19], while bνν and b are the
trace and determinant of the curvature tensor, respectively. Note that the trace of the curvature tensor is
equal to the sum of the principal curvatures, bνν = K1+K2 = 2H, where H is the mean curvature, [46].
For the explicit derivation of the constitutive relation which follows, it is crucial to establish the an-
alytical relation between the tangent vectors of the equidistant and middle surfaces. From Eq. (10) it
follows that the reciprocal shift tensor Cαν =
(
C¯να
)−1 could be introduced as well:
g¯α =Cαν g
ν , (15)
and it can be easily numerically calculated. However, we are interested in its analytical form. Let us
utilize the fact that the base vector g3 is independent of ζ coordinate and observe the vector product:
g¯3× g¯µ = g3×C¯γµgγ =
√
gC¯γµe3γνgν . (16)
If we multiply this expression with e3µα :
√
g¯δαβ g¯
β =
√
gC¯γµδ
µα
γν gν , (17)
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the analytical form of the reciprocal shift tensor follows as:
Cαν =
1
g0
δαµνγ C¯
γ
µ =
1
g0
[(
1−ζbγγ
)
δαν +ζb
α
ν
]
. (18)
The same result can be found in [1] and it allows us to represent the reciprocal metric tensor at an
arbitrary point as an analytic function of the metric and curvature of the midsurface:
g¯αβ = g¯α g¯β =CαµC
β
ν g
µν . (19)
The tensor CαµC
β
ν is a rational function of the ζ coordinate where the numerator and denominator are
polynomials of the 2nd and 4th degree, respectively. The relation between the metrics of the equidistant
and reference surfaces directly influences the equivalent strain relations, [2]. In order to simplify the
computational model, many types of approximations are readily introduced by researchers, mostly based
on first- or second-order Taylor approximations of the shift tensor, [47]. The exact analytical form of the
reciprocal shift tensor, on the other hand, is often disregarded. An interesting discussion on the influence
of the exact shift tensor is given in [2].
Finally, let us define the relations between a differential area at the equidistant and middle surfaces
which follow from (14). If we notice that these areas are:
da¯α = da¯α g¯α = dζ g3× g¯β = dζ
√
g¯e3βα g¯α , da¯α =
√
g¯dζ e3βα ,
daα = daαgα = dζ g3×gβ = dζ
√
ge3βαgα , daα =
√
gdζ e3βα ,
(20)
the required relation follows as:
da¯α =
√
g¯
g
daα = g0 daα . (21)
Additionally, the differential volume of a shell is:
dv = (dξ g1×dη g2) ·dζ g3 =
√
g¯dξ dη dζ = g0 dadζ , (22)
where da =
√
gdξ dη is the differential area of the midsurface.
3 Kirchhoff-Love shell theory
After the metric of the shell continuum is defined, the next step is to introduce some strain measure.
For the convective coordinate frame, the Lagrange strain equals the difference between the current and
reference metrics:
εαβ =
1
2
(
g∗αβ −gαβ
)
. (23)
Due to the KL hypothesis, the components of the shear strain rate along the normal direction vanish,
i.e. dα3 = 0. Consequently, the position of the line element is completely determined by the translation
of the midsurface, which is the only generalized coordinate of the KL shell. This fact gives rise to the so-
called rotation-free shell theories, [11]. These formulations are especially efficient for the finite rotation
analysis since the parametrization of the finite rotation variables is not required.
3.1 Kinematics of the shell
As indicated in Fig. 1, the position vector of an equidistant surface in the deformed configuration is:
r¯∗ = r∗(ζ ) = r∗+ζg∗3, (24)
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where r∗ is the position vector of the deformed midsurface while the base vectors g∗m are calculated
analogously to the Eqs. (2) and (3). The position vector of the deformed midsurface is:
r∗ = r+u, (25)
where the displacement u is discretized with NURBS, in the same way as the geometry, Eq. (1):
u=
N,M
∑
I,J=1
RIJ(θα)uIJ. (26)
uIJ is the vector that consists of displacement components of a control point IJ with respect to the
Cartesian system. For the sake of the seamless transition to the discrete equation of motion which
follows in Section 4, let us introduce the matrix of basis functions N such that Eq. (26) can be written as:
u= Nq, (27)
where:
qT =
[
uT11 uT12 ... uTIJ ... uTNM
]
, uIJ =
[
u1IJ u
2
IJ u
3
IJ
]
,
NT =
[
RT RT RT
]
, R=
[
R11 R12 ... RIJ ... RNM
]
.
(28)
The velocity field is obtained as the material derivative of the displacement field:
v= r˙∗ = u˙= u˙nin = vnin = x˙∗nin, (29)
and it is represented analogously:
v= u˙= Nq˙, q˙T =
[
u˙11T u˙12T ... u˙IJT ... u˙NMT
]
, u˙IJ =
[
v1IJ v
2
IJ v
3
IJ
]
. (30)
The strain rate tensor is the symmetric part of the velocity gradient and it equals the material derivative
of (23):
dαβ = ε˙αβ =
1
2
g˙∗αβ =
1
2
(
vˆα|β + vˆβ |α
)
=
1
2
(
vˆα,β + vˆβ ,α −2vˆmΓ∗mαβ
)
, (31)
where vˆm are the components of the velocity vector with respect to the local curvilinear coordinates,
which are related to the global ones as:
v= vˆmg
∗m = vˆmg∗m = vki
k = vkik⇒
{
vˆm = vki
k·g∗m = x∗k,mvk
vˆm = vkik·g∗m = x∗,mk vk
. (32)
The covariant components of the strain rate with respect to the Cartesian coordinates can be written as:
dαβ =
1
2
(
x∗k,αvk,β + x
∗k
,β vk,α +2x
∗k
,αβ vk−2Γ∗mαβ x∗n,mvn
)
=
1
2
(
x∗k,αvk,β + x
∗k
,β vk,α
)
=
1
2
(
g∗α ·vβ +g∗β ·vα
)
,
(33)
while the trace of the strain rate tensor is:
dαα = g
∗αβdαβ =
1
2
(
x∗,βn v
n
,β + x
∗,α
n v
n
,α
)
= x∗,αn v
n
,α = g
∗α ·vα . (34)
The material derivative of (24) gives the velocity vector of an equidistant surface:
v¯ = v(ζ ) = v+ζv3, (35)
where the following notation is introduced:
v¯ = ˙¯r∗ = v¯nin = ˙¯x
∗nin, vm = g˙
∗
m = v
n
,min = x˙
∗n
,min. (36)
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Thus, the vector v3 is the material derivative of the deformed normal:
v3 = g˙
∗
3 = vk,3i
k =
1√
g∗
(
v1×g∗2+g∗1×v2−
g˙∗
2
√
g∗
g∗3
)
,
vk,3 =
1√
g∗
[(
vm,1x
∗n
,2 + x
∗m
,1 v
n
,2
)
emnk−
g˙∗
2
√
g∗
x∗k,3
]
,
(37)
and its derivation requires special attention. Firstly, the material derivative of the determinant of the
metric tensor, utilizing Eqs. (4), (31), and (33), is computed:
g˙∗ = 2(d11g
∗
22+d22g
∗
11−2d12g∗12)
= 2 [(g∗1·v1)g∗22+(g∗2·v2)g∗11−2(g∗1·v2+g∗2·v1)g∗12] ,
(38)
which leads to:
g˙∗
2g∗
= d11g
∗11+d12g
∗12+d21g
∗21+d22g
∗22 = d11 +d
2
2 = d
α
α . (39)
If we represent the tangent vectors of the deformed configuration as:
g∗1 = x
∗n
,1 in =
√
g∗
(
g∗2×g∗3
)
, x∗n,1 =
√
g∗x∗,2k x
∗
l,3e
kln,
g∗2 = x
∗n
,2 in =
√
g∗
(
g∗3×g∗1
)
, x∗n,2 =
√
g∗x∗k,3x
∗,1
l e
kln,
(40)
the first part of Eq. (37) can be rewritten as:
1√
g∗
(v1×g∗2+g∗1×v2) = v1×
(
g∗3×g∗1
)−v2× (g∗2×g∗3)
= (g∗α ·vα)g∗3− (g∗3·vα)g∗α .
(41)
By the insertion of Eqs. (39), (34), and (41) into (37), we can finally obtain the velocity of the normal:
v3 = (g
∗α ·vα)g∗3− (g∗3·vα)g∗α − (g∗α ·vα)g∗3 =−(g∗3·vα)g∗α ,
vk,3 = x
∗,α
m v
m
,αx
∗
k,3− x∗,αk vm,αx∗m,3− x∗,αm vm,αx∗k,3 =−x∗,αk vm,αx∗m,3,
(42)
which is the same result as calculated in [1]. Finally, the components of velocity at an equidistant surface
(35) can be represented as:
v¯ = v¯ni
n = v−ζ (g∗3·vα)g∗α , v¯n = vn−ζx∗,αn vm,αx∗m,3. (43)
Remark. Proving that the line element remains perpendicular to the midsurface at each configuration is
now straightforward. That is, multiplying Eq. (42) with x∗k,α gives:
x∗k,αvk,3 =−x∗k,αx∗,βk vm,β x∗m,3 =−δ βα vm,β x∗m,3 =−vm,αx∗m,3, (44)
and the shear strain rates in the planes perpendicular to the tangent planes of the midsurface vanish:
2dα3 = x
∗n
,αvn,3+ x
∗n
,3 vn,α = 0. (45)
Additionally, the strain rate along the normal also vanishes at each configuration:
d33 = x
∗n
,3 vn,3 =−x∗n,3 x∗,αn vk,αx∗k,3 =−δα3 vk,αx∗k,3 = 0. (46)
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3.2 Strain rate at an equidistant surface
The crucial step for the derivation of structural theories is the definition of the strain at each point of a
structure via chosen reference quantities. It allows a dimensional reduction from 3D to 2D. The strain
rate at an equidistant surface is, analogously to Eq. (33):
d¯αβ = dαβ (ζ ) =
1
2
(
g¯∗α · v¯β + g¯∗β · v¯α
)
=
1
2
(
x¯∗n,α v¯n,β + x¯
∗n
,β v¯n,α
)
, (47)
where the components of the velocity gradient at an arbitrary point, v¯n,β , follow from Eq. (43):
v¯n,α = vn,α +ζvn,3α , (48)
while the derivative of the velocity of normal stems from Eq. (42):
vn,3α =−
(
x∗,µn,αvk,µx
∗k
,3 + x
∗,µ
n vk,µαx
∗k
,3 + x
∗,µ
n vk,µx
∗k
,3α
)
= Γ∗µανx∗,νn vk,µx
∗k
,3 −b∗µα x∗,3n vk,µx∗k,3 − x∗,µn vk,µαx∗k,3 + x∗,µn vk,µb∗να x∗k,ν .
(49)
Remark. Utilizing the last two expressions, we can show that the shear strain rate dα3 is zero at an
equidistant surface, as well as at the midsurface:
2d¯α3 = (g¯
∗
α ·v3+g∗3·vα) = x¯∗n,αvn,3+ x∗n,3 v¯n,α
=
(
δ µα −ζb∗µα
)
x∗n,µ vn,3+ x
∗n
,3
(
vn,α +ζvn,3α
)
= x∗n,αvn,3−ζb∗µα x∗n,µ vn,3+ x∗n,3 vn,α
+ζx∗n,3
(
Γ∗µανx∗,νn vk,µx
∗k
,3 −b∗µα x∗,3n vk,µx∗k,3 − x∗,µn vk,µαx∗k,3 − x∗,µn vk,µb∗να x∗k,ν
)
= x∗n,αvn,3−ζb∗µα x∗n,µ vn,3+ x∗n,3 vn,α −ζb∗µα vk,µx∗k,3
= x∗n,αvn,3+ x
∗n
,3 vn,α −ζb∗µα
(
x∗n,µ vn,3+ x
∗n
,3 vn,µ
)
= 0,
(50)
which proves that the line segment is perpendicular to the equidistant surfaces as well as to the midsur-
face.
Now we have all the ingredients required for the exact relation between equidistant and reference
strain rates. Inserting Eqs. (48) and (49) into Eq. (47), returns the components of the equidistant strain
rate:
d¯αβ = A
µν
αβdµν −ζB
µν
αβ κ˙µν , (51)
where:
Aµναβ =
1
2
[
C¯∗µα
(
δ νβ +ζb
∗ν
β
)
+C¯∗νβ
(
δ µα +ζb
∗µ
α
)]
= δ µα δ νβ −ζ 2b∗µα b∗νβ ,
Bµναβ =
1
2
(
δ ναC¯
∗µ
β +δ
µ
β C¯
∗ν
α
)
,
(52)
while the tensor of the rate of curvature change of the midsurface, κ˙αβ , is introduced as:
κ˙αβ = b˙
∗
αβ = g˙
∗
α,β ·g∗3+g∗α,β · g˙∗3 = vα,β ·g∗3+g∗α,β ·v3 = vk,αβ x∗k,3 +Γ∗nαβ x∗k,n vk,3
= x∗k,3 vk,αβ −Γ∗ναβ x∗k,ν x∗,µk vm,µx∗m,3−b∗αβ x∗k,3 x∗,µk vm,µx∗m,3 = x∗k,3
(
vk,αβ −Γ∗µαβ vk,µ
)
.
(53)
The detailed derivation of Eqs. (51) and (52) is given in Appendix A. Equations (51) and (52) define the
exact relation of the equidistant and reference strain rates of a KL shell within the scope of finite, but
small, strain theory. These expressions can be found in [1] where they are derived as a special case of
the general shell theory.
As already noted, many existing IGA shell formulations use a simplified form of the expression (51).
This is justified by the fact that the influence of the second-order terms with respect to the thickness
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coordinate can be neglected for thin shells, [13, 14, 25]. This assumption corresponds to the following
approximation:
Aµναβ = B
µν
αβ ≈ δ
µν
αβ , (54)
which reduces Eq. (51) to the linear form:
d¯αβ = dαβ −ζ κ˙αβ . (55)
A notable exception is the reference [19] where one type of simplified, but nonlinear, strain distribution
is utilized. However, the comparison of different models is not considered.
It is interesting to note that the physical components of strain are distributed nonlinearly due to the
metric, although the previous equation imposes a linear strain distribution:
d¯(αβ ) =
d¯αβ√
g¯αα g¯ββ
. (56)
The linear analysis performed in [2] shows that for thick shells, the utilization of a nonlinear strain
distribution and an exact shifter is recommended, along with exact integration. It is also noted that for
Kh < 0.1, the error introduced by the assumption of a linear strain distribution is not significant.
Equations (33), (45), (46), (51), and (52) are the basis for the formulation of the isogeometric element
for the finite strain and finite rotation analysis of an arbitrarily curved KL shell.
4 Finite element formulation
In line with the previous derivation, we will formulate isogeometric finite element of the KL shell using
the principle of virtual power. The generalized coordinates are the components of the velocities of the
control points.
Let us start from the generalized Hooke law for the linear elastic material, also known as the Saint
Venant-Kirchhoff material model. This is well-suited for the small strain and large rotation analysis, [2].
The components of the stress and strain rates are related as:
σ˙ ij = 2µd
i
j +λδ
i
jd
k
k , (57)
where µ and λ are the LamÃl’ material parameters. The plane stress assumption states that the normal
component of the stress rate in the direction of the shell thickness is negligible compared to the other
components:
σ˙33 = 2µd
3
3 +λ
(
dαα +d
3
3
)
= 0, (58)
and the corresponding strain rate becomes:
d33 =−
ν
1−ν d
α
α . (59)
The existence of the d33 component violates the KL hypothesis and it is neglected here, together with the
σ˙33 . This is a known inconsistency of the KL theory caused by its approximate nature. Nevertheless, a
great quantity of literature accounts for this component of strain rate since it increases the accuracy of
the mechanical model and is easily introduced via the static condensation of the material tensor, [13].
Here, the plane stress and the plane strain conditions are enforced and the stress-strain relation takes
its final form:
σ˙αβ = 2µ
(
g∗ανg∗βγ +
ν
1−ν g
∗αβg∗νγ
)
dνγ = D
αβνγdνγ , (60)
where Dαβνγ are the components of the constitutive, material, tensor.
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4.1 Principle of virtual power
The principle of virtual power states that at any time, the total power of the external, internal and inertial
forces is zero for any admissible virtual state of motion. If the inertial effects are neglected and only the
surface loads are considered, it can be written as:
δP =
∫
v
σ i jδdi j dv−
∫
a
pˆiδ vˆi da =
∫
v
σ : δddv−
∫
a
pδvda = 0, (61)
where σ is the Cauchy stress tensor, d is the strain rate tensor, and p is the vector of external surface
loads. All these quantities are measured with respect to the current configuration. This configuration
is unknown and its determination is the main subject of the nonlinear analysis. For problems with
deformation-independent loads, it is only required to linearize the Cauchy stress. At the current (n+1)
configuration this stress is approximated by:
(n+1)σ =(n)(n+1) σ +
dt (n)σ
d t
∆t(n+1),
(n)
(n+1)σ¯αβ =
√
(n)g¯
(n+1)g¯
(n)σ¯αβ =
(n)g0
(n+1)g0
√
(n)g
(n+1)g
(n)σ¯αβ ,
(62)
where (n)(n+1)σ¯αβ are the components of the equidistant stress from the previous (n) configuration ex-
pressed with respect to the metric of the current (n+ 1) configuration. Similarly, (n)σ¯αβ is the same
quantity but expressed with respect to the previous (n) configuration. The additive decomposition of
stress, as in Eq. (62), is only valid if all of the terms are expressed with respect to the same metric.
However, the rigorous integration of this expression is far from trivial due to the ratio of shifters in two
different configurations. If the incremental change of curvature is small, this ratio can be approximated as
(n)g0/
(n+1)g0 ≈ 1. An appropriate time derivative is designated with dt()/d t while ∆t(n+1) = t(n+1)− t(n)
is the time increment.
The rate form of stress-strain relations requires an objective time derivative. Note that the material
derivative is not objective, while the corotational (Jaumann) and convective time derivatives fulfill this
property, [48, 49]. The relation (62) is rewritten as:
(n+1)σ =(n) σ +
(
Lv
(n)σ
)
∆t(n+1) (63)
where Lv designates Lie time derivative which matches the convective derivative, for convective coordi-
nates. With respect to the covariant metric base it is:
Lvσ = σ˙ −Lσ −σLT, L= vˆi| jgi⊗g j, (64)
where L is the spatial velocity gradient. On the other hand, since the material time derivative of the stress
tensor reads:
σ˙ = σ˙ i jgi⊗g j +Lσ +σLT,
relation (64) returns:
Lvσ = σ˙
i jgi⊗g j⇒ (Lvσ )i j = σ˙ i j. (65)
Therefore, the components of the stress rate tensor equal the material derivative of the components of the
stress tensor. This is an important fact which will be utilized further.
After the insertion of Eqs. (63) and (65) into Eq. (61), the linearized form of the principle of virtual
power at the current configuration is obtained:∫
v
σ˙ : δddv∆t+
∫
v
σ : δddv =
∫
a
pδvda ,
∫
v
˙¯σαβδ d¯αβ dv∆t+
∫
v
σ¯αβδ d¯αβ dv =
∫
a
pˆiδ vˆi da .
(66)
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From this equation and further in the text, the notation is slightly simplified for the sake of readability by
removing the time indices and asterisks. This can be done without introducing any notational ambiguity
since (i) the stress and strain rates are instantaneous quantities, while the known stress σ is calculated
at the previous configuration and transformed to the metric of the current configuration, see Eqs. (62)
and (66), and (ii) all integrations are performed with respect to the metric of the current configuration, in
accordance with the updated Lagrangian procedure, [50].
In order to reduce the dimension from 3D to 2D, it is necessary to integrate the left-hand side of
Eq. (66) along the thickness. Thus, integrals over the area of midsurface are obtained:∫
v
˙¯σαβδ d¯αβ dv∆t+
∫
v
σ¯αβδ d¯αβ dv =
∫
a
(
N˙µνδdµν + M˙
µνδ κ˙µν
)
da∆t
+
∫
a
(
Nµνδdµν +M
µνδ κ˙µν
)
da ,
(67)
where Nµν and Mµν are stress resultants and stress couples, which are energetically conjugated with the
reference strain rates of the midsurface, dµν and κ˙µν , while N˙µν and M˙µν are their respective rates:
N˙µν =
h/2∫
−h/2
˙¯σαβAµναβg0 dζ =
h/2∫
−h/2
˙¯σαβ
(
δ µα δ νβ −ζ 2bµαbνβ
)
g0 dζ ,
M˙µν =−1
2
h/2∫
−h/2
ζ ˙¯σαβBµναβg0 dζ =−
1
2
h/2∫
−h/2
ζ ˙¯σαβ
(
δ ναC¯
µ
β +δ
µ
β C¯
ν
α
)
g0 dζ .
(68)
These expressions are the same as those obtained in [51] but they are rarely applied for the nonlinear
analysis due to the complexity. If we introduce the vectors of generalized section forces and strain rates
of the shell midsurface:
fT =
[
N11 N22 N12 M11 M22 M12
]
,
eT =
[
d11 d22 2d12 κ˙11 κ˙22 2κ˙12
]
,
(69)
Eq. (66) can be written in compact matrix form as:∫
a
f˙Tδeda∆t+
∫
a
fTδeda =
∫
a
pδvda . (70)
The geometrically exact relations (67) and (68) are crucial for the accurate formulation of structural
shell theories. In particular, energetically conjugated pairs are defined rigorously and the appropriate
constitutive matrices are guaranteed to be symmetric, as will be shown in the next section.
4.2 Analytical relation between energetically conjugated pairs
The integration represented with Eqs. (67) and (68) is an essential step for the development of the struc-
tural theory of shells, since it allows the calculation of virtual power by the reference quantities of the
midsurface. This requires the constitutive relation between the stress and strain rates at an arbitrary point
of the shell continuum. Analogously to Eq. (60), this relation is:
˙¯σαβ = 2µ
(
g¯αν g¯βγ +
ν
1−ν g¯
αβ g¯νγ
)
d¯νγ = D¯
αβνγ d¯νγ . (71)
Using Eq. (19), it is evident that the following transformation is valid:
D¯µνεϕ = 2µ
(
CµρCεδg
ρδCναC
ϕ
β g
αβ +
ν
1−νC
µ
ρCναg
ραCεδC
ϕ
β g
δβ
)
=CµρCναC
ε
δC
ϕ
β 2µ
(
gρδgαβ +
ν
1−ν g
ραgδβ
)
=CµρCναC
ε
δC
ϕ
β D
ραδβ .
(72)
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This relation explicitly relates the components of constitutive tensor at an arbitrary point with the ones
at the midsurface via the reciprocal shift tensor. In this way, the constitutive relations between the
energetically conjugated rates of generalized section forces and reference strain rates of the midsurface
are:
N˙αβ = DαβγλM dγλ +D
αβγλ
MB κ˙γλ ,
M˙αβ = DαβγλBM dγλ +D
αβγλ
B κ˙γλ ,
(73)
where:
DαβγλM =
h/2∫
−h/2
Aαβµν D¯
µνδϕAγλδϕg0 dζ ,
DαβγλMB =−
h/2∫
−h/2
ζAαβµν D¯µνδϕB
γλ
δϕg0 dζ ,
DαβγλBM =−
h/2∫
−h/2
ζBαβµν D¯µνδϕA
γλ
δϕg0 dζ = D
γλαβ
MB ,
DαβγλB =
h/2∫
−h/2
ζ 2Bαβµν D¯µνδϕB
γλ
δϕg0 dζ .
(74)
Now, we can represent Eq. (73) in a compact matrix form as:
f˙ = De, (75)
where D is the symmetric constitutive tensor at the current configuration:
D=
[
DM DMB
DMB
T DB
]
=
[
DαβγλM D
αβγλ
MB
DγλαβMB D
αβγλ
B
]
gα ⊗gβ ⊗gγ ⊗gλ . (76)
Complete expressions for the components of the material tensorD are given in Appendix B along with the
closed-form solutions of the appropriate integrals. To the best of the authorsâA˘Z´ knowledge, this is the
first complete analytical representation of the constitutive relation between the energetically conjugated
pairs for the elastic KL shell.
4.3 Variation of strains
Since the strain rate is a function of the generalized coordinates as well as the metric, we must vary it
with respect to both arguments. By noting that the variation of the tangent vectors can be expressed as:
δgα = δvα∆t, (77)
the variations of the reference strains are given by:
δdαβ = δ
1
2
(
gα ·vβ +gβ ·vα
)
=
1
2
(
δvα ·vβ +δvβ ·vα
)
∆t+
1
2
(
gα ·δvβ +gβ ·δvα
)
,
δ κ˙αβ = δ
[
g3·
(
vα,β −Γµαβvµ
)]
=
[
δv3·
(
vα,β −Γλαβvλ
)
−δΓλαβ (g3·vλ )
]
∆t+g3·
(
δvα.β −Γµαβδvµ
)
.
(78)
Most of the terms in the previous expression can be easily computed since the variation is explicitly
performed with respect to the unknown variables. However, the first addend of κ˙αβ is an exception since
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it requires the variation of the normal and the Christoffel symbols. These variations must be represented
via the variations of generalized coordinates.
The variation of the normal can be performed analogously as the material differentiation given in
Eq. (42):
δv3 =−(g3·δvα)gα . (79)
For the variation of the Christoffel symbols we need the variations of reciprocal base vectors (6):
g1 = (g2×g3)/
√
g⇒ δg1 =−[(δv2·g1)g2+ (δv3·g1)g3+ (δv1·g1)g1]∆t,
g2 = (g3×g1)/
√
g⇒ δg2 =−[(δv3·g2)g3+ (δv1·g2)g1+ (δv2·g2)g2]∆t, (80)
which allows us to write:
δΓλαβ = δ
(
gα,β ·gλ
)
= δgα,β ·gλ +gα,β ·δgλ =
[
gλ ·δvα,β −Γναβ
(
gλ ·δvν
)]
∆t. (81)
By inserting Eqs. (79) and (81) into Eq. (78), we obtain the final expression for the variation of the rate
of the change of curvature:
δ κ˙αβ = g3·
(
δvα,β −Γµαβδvµ
)
−
{(
g3·δvµ
)
gµ ·
(
vα,β −Γναβvν
)
+
[
gν ·δvα,β −Γµαβ
(
gν ·δvµ
)]
(g3·vν)
}
∆t.
(82)
4.4 Discrete equation of motion
Let us find the matrix BL which relates the reference strain rates of the midsurface with the velocities of
control points:
e= BLq˙. (83)
The vector of reference strain rates, using Eqs. (33) and (53), can be represented as:
e=Hw=
3
∑
m=1
Hmw
m, H=
[
H1 H2 H3
]
,
Hm =

xm,1 0 0 0 0
0 xm,2 0 0 0
xm,2 xm,1 0 0 0
−Γ111xm,3 −Γ211xm,3 xm,3 0 0
−Γ122xm,3 −Γ222xm,3 0 xm,3 0
−2Γ112xm,3 −2Γ212xm,3 0 0 2xm,3

, wm =

vm,1
vm,2
vm,11
vm,22
vm,12
 ,
(84)
where the vector w is:
w= Bq˙, w=
w1w2
w3
 , B=
B111 ... B1IJ ... B1NMB211 ... B2IJ ... B2NM
B311 ... B
3
IJ ... B
3
NM
 . (85)
The submatrices BmIJ for an arbitrary control point IJ consists of the derivatives of basis functions:
B1IJ =

RIJ,1 0 0
RIJ,2 0 0
RIJ,11 0 0
RIJ,22 0 0
RIJ,12 0 0
 , B2IJ =

0 RIJ,1 0
0 RIJ,2 0
0 RIJ,11 0
0 RIJ,22 0
0 RIJ,12 0
 , B3IJ =

0 0 RIJ,1
0 0 RIJ,2
0 0 RIJ,11
0 0 RIJ,22
0 0 RIJ,12
 . (86)
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The matrix BL now follows as:
e=Hw=HBq˙ = BLq˙, BL =HB. (87)
Furthermore the requirement, in order to rigorously define the geometric stiffness term, is to find the
explicit matrix form of the virtual power generated by the known stress and the variation of strain rate
with respect to the metric, Eqs. (70) and (78):∫
a
fTδBLq˙ da∆t =
∫
a
3
∑
m=1
3
∑
n=1
(wm)TGnmδwm da∆t
=
1
2
∫
a
Nαβ
(
vm,βδvm,α + v
m
,αδvm,β
)
da∆t
+
∫
a
Mαβ
[
vk,ν
(
Γναβ x
n
,3x
,µ
k +Γ
µ
αβ x
n,νxk,3
)
δvn,µ
−vk,αβ xn,3x,µk δvn,µ − vk,νxn,νxk,3δvn,αβ
]
da∆t,
(88)
where the matrix Gnm is:
Gnm =

(Gnm)11 (G
n
m)12 −M11xn,1xm,3 −M22xn,1xm,3 −2M12xn,1xm,3
(Gnm)21 (G
n
m)22 −M11xn,2xm,3 −M22xn,2xm,3 −2M12xn,2xm,3
−M11xn,3x,1m −M11xn,3x,2m 0 0 0
−M22xn,3x,1m −M22xn,3x,2m 0 0 0
−2M12xn,3x,1m −2M12xn,3x,2m 0 0 0
 , (89)
with:
(Gnm)11 = Γ
1
M
(
xn,3x
,1
m + x
n,1xm,3
)
+δ nmN
11,
(Gnm)12 = Γ
1
Mx
n
,3x
,2
m +Γ
2
Mx
n,1xm,3+δ
n
mN
12,
(Gnm)21 = Γ
2
Mx
n
,3x
,1
m +Γ
1
Mx
n,2xm,3+δ
n
mN
21,
(Gnm)22 = Γ
2
M
(
xn,3x
,2
m + x
n,2xm,3
)
+δ nmN
22,
ΓνM = Γ
ν
11M
11+2Γν12M
12+Γν22M
22.
(90)
By introducing the total matrix of the generalized section forces:
G=
G11 G21 G31G12 G22 G32
G13 G
2
3 G
3
3
 , (91)
expression (88) can be written as:∫
a
fTδBLq˙ da∆t =
∫
a
wTGδwda∆t. (92)
A careful inspection of Eqs. (89) and (90) reveals the fact that the matrix of generalized section forces,
G, is symmetric. Now, the terms in the equation of the virtual power, (70), reduce to:∫
a
f˙Tδeda≈
∫
a
q˙TBL
TDBLδ q˙ da ,
(
δe≈ 1
2
(
gα ·δvβ +gβ ·δvα
)
= BLδ q˙
)
∫
a
fTδeda =
∫
a
fT (δBLq˙+BLδ q˙)da =
∫
a
(
q˙TBTGBδ q˙∆t+ fTBLδ q˙
)
da ,
(93)
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and the equation of equilibrium becomes:
q˙T
∫
a
(
BL
TDBL+B
TGB
)
daδ q˙∆t =
∫
a
pTNdaδ q˙−
∫
a
fTBL daδ q˙. (94)
Eq. (94) reduces to the standard form:
KT∆q=Q−F, (∆q= q˙∆t) , (95)
where:
KT =
∫
a
BL
TDBL da+
∫
a
BTGBda , (96)
is the tangent stiffness matrix and:
Q=
∫
a
NTpda , F=
∫
a
BL
Tfda , (97)
are the vectors of the external and internal forces, respectively. The vector ∆q in Eq. (95) contains
increments of displacements of control points with respect to the previous configuration. Due to the
approximations introduced with Eq. (93), the solution of Eq. (95) does not satisfy the principle of virtual
power and some additional numerical procedure is required, see Section 4.4.1.
Although the derivation of the geometric stiffness matrix represents a standard procedure for nonlinear
shell formulations, [13], the present derivation differs. In particular, the full KL shell metric is incorpo-
rated in Eq. (88) and the symmetric nature of the geometric stiffness term is stressed by the elegant and
compact form of Eqs. (91) and (96). This confirms that the formulation is correct and that the adopted
force and strain quantities are energetically conjugated.
4.4.1 Numerical solution procedure
The incremental form of Eq. (95) emphasizes that the equilibrium path must be considered as a set of
discrete equilibrium points (qi,Qi) which correspond to a set of fictitious moments in time. In order to
find these points, some iterative procedure must be employed. Here, the arc-length method is primarily
used for all examples. It is wort noting that the Newton-Raphson method is applicable for the examples
that do not exhibit snap-through behavior. We compared the performance of the linearized arc-length
method, the cylindrical arc-length method, and the modified Riks method, [52, 53]. For the numerical
tests which follow in the next section, all of these variants return similar results. The exception is the last
example where only the modified Riks method, as implemented in Abaqus, found the complete structural
response, [54]. Hence, this procedure is briefly presented.
The main idea of the arc-length method is to introduce a load proportionality factor λ i which scales
the value of total external load, Q f , and allows it to increase or decrease during the deformation process:
Qi = λ iQ f . (98)
This approach results in an indeterminate system of 3NM equations with 3NM+1 unknowns where the
additional unknown is the load proportionality factor itself, [52]. We start from some known, converged,
configuration defined in a point (qi,λ i) and look for the next equilibrium point (qi+1,λ i+1). The first step
is to find a predictor solution. Therefore, the predictor tangential displacement vector, 0qT , is calculated
from the known tangent stiffness and the total external load:
KiT
0qi+1T =Q
f . (99)
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The predictor load increment ∆ 0λ i+1 follows from the appropriate constraint equation, [52, 54]:
∆ 0λ i+1 =± ∆ l
i+1√
0q˜i+1T · 0q˜i+1T +1
. (100)
Here, ∆li+1 is the arc-length value which is estimated for the first increment, and calculated for all the
other increments as a function of desired number of iterations. For convenience, the displacement vectors
are scaled by the maximum displacement component of the corresponding linear solution and designated
with tilde, [54]. The sign of the predictor solution is calculated from the condition that the projection
of the predictor tangential displacement onto the previously converged displacement increment must be
positive, ensuring continuation along the equilibrium path. This condition can be written as:
∆ 0λ i+1
(0q˜i+1T ∆ q˜i+∆ λ i)> 0. (101)
In general, the predictor solution does not satisfy the equilibrium and the arc-length iterations act as cor-
rectors. For the first iteration, the increments of displacement and load are initialized from the predictor
solutions:
∆ 1λ i+1 = ∆ 0λ i+1, ∆ 1qi+1 = ∆ 0λ i+1 0qi+1T . (102)
Now, the current tangent stiffness, jKi+1T , and internal forces, jF
i+1, are calculated and convergence is
checked for each iteration j = 1,2,3.... The convergence criteria can be defined with respect to the
current unbalanced forces, jΨi+1 =Qi− jFi+1, or/and with respect to the previously calculated iterative
displacement. If the defined criteria is not met, new tangential, jqi+1T , and residual, δ
jqi+1, displacements
are calculated from:
jKi+1T
jqi+1T = Q
f , jKi+1T δ
jqi+1 = jΨi+1. (103)
The iterative load factor, δλ , follows from the condition that a new potential equilibrium point is orthog-
onal to the tangential displacement in the arc-length solution space:
δλ =− δ
jq˜i+1 · 0q˜i+1T
jq˜i+1T · 0q˜i+1T +1
. (104)
Finally, the new solution is:
j+1qi+1 = qi+∆ jqi+1+δ jqi+1+δλ jqi+1T ,
j+1λ i+1 = λ i+∆ jλ i+1+δλ ,
(105)
and the procedure is repeated until the convergence criteria is fulfilled, [54].
5 Numerical examples
There are four main objectives of the present numerical analysis: i) verification and validation of the
developed nonlinear formulation and its implementation, ii) examination of the influence of full consti-
tutive relation on the structural response, iii) comparison of the linear and nonlinear relation between
reference and equidistant strains, iv) assessment of the influence of the curviness.
To examine the influence of the different constitutive relations, we introduce four models D:
• Da is the full analytical constitutive model. It is given in an expanded form in Appendix B.
• D0 decouples the bending and membrane actions (e.g., [11]).
• D1 employs a membrane-bending coupling based on the first-order Taylor approximation of the
determinant of the reciprocal shift tensor 1/g0 as suggested in [47], (C3).
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• D2 is like D1 but introduces an additional effect due to curvature (similar to the Flugge-Lure-
Byrne-Truesdell equations, [1]), (C3).
In order to examine the influence of the constitutive relation on the structural response, reference
strains are observed and compared for different models. For Da model, the influence of the relation be-
tween the reference and equidistant strains is also examined by evaluating the strains on the outer surface
of shell using the exact (51) and the linearized relation (55). Furthermore, the stresses are calculated by
Eq. (71). These strains and stresses are compared with the results from Abaqus simulations, which utilize
the standard assumption of the linear strain distribution, [54]. Since the time is a fictitious quantity in the
present static analysis, strain and stress rates are equal to strains and stresses, respectively.
Due to the C1 interelement continuity, reference membrane strains and κ12 are continuous at the in-
terelement boundaries, Eqs. (33) and (53). However, the curvature changes καα require at least C2
continuous meshes and they are linearly averaged here for C1 meshes. Generally, the post-processing of
results in IGA is an ongoing topic, [55]. The models in Abaqus are meshed with S4R shell elements and
element nodal results are again linearly averaged. This general-purpose four-node quadrilateral element
with reduced integration is readily utilized for the benchmarks of shell formulations, [56]. First, a classi-
cal linear shell example is investigated. The other examples address nonlinear responses of the different
shell constitutive models. In addition, these results are compared with Abaqus computations.
The boundary conditions are imposed in a well-known manner where rotations are treated with special
care since they are not utilized as DOFs, [11]. Numerical integration is performed on an element level
using the Gauss quadrature with p× p integration points. There are more efficient quadrature schemes
for IGA [57], but they are not considered in this paper. Furthermore, locking effects are not studied here.
All the results are presented with respect to the load proportionality factor (LPF), rather than the load
intensity itself.
5.1 Linear analysis of pinched cylinder
The first example deals with the linear analysis of a pinched cylinder with rigid diaphragms at its ends as
shown in Fig. 2a. The deflection at point A where the force is applied commonly serves as a benchmark
test for shell elements. Since the structure has three planes of symmetry, only one eighth of the shell is
considered. The analytical solution based on the Fourier series approximation exists, but it involves some
numerical issues, as discussed in [12]. The reference value often used in the literature is 1.82488×10−5
and it stems from the approximation of the solution with 80× 80 Fourier terms. Here, the reference
Figure 2: Linear analysis of the pinched cylinder. a) Geometry, material characteristics, and load dispo-
sition. b) Convergence of the radial displacement at point A for different NURBS orders and
interelement continuities.
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Figure 3: The relative difference of displacement for different constitutive material models with respect
to the full analytical one.
value of 1.827158× 10−5 obtained with 8192× 8192 Fourier terms is adopted, [19]. The analysis re-
sults for different IGA meshes are shown in Fig. 2b where the expected convergence behavior can be
observed. Furthermore, the influence of the different constitutive models is examined. The geometry of
the midsurface is represented by 36×36 cubic C1 elements and the thickness h is varied. In Fig. 3, the
obtained values of displacement component wA for the three reduced constitutive models are related to
the one computed by the full analytical Da model. As expected, these relative differences increase with
the curviness and the results of the D2 model are the closest to the Da model. Note that for strongly
curved shells, the D0 model is more accurate than the D1 model, which implies that the simplified cou-
pling of membrane and bending actions introduced in the D1 model does not improve the accuracy in
this example.
5.2 Snap behavior of a shallow shell
The second problem deals with the shallow shell illustrated in Fig. 4a. This is a standard example which
exhibits both snap-through and snap-back behavior. It serves as a rigorous test for algorithms that solve
complex nonlinear behavior of shells. Several variants of this example exist, [52], and we are referring
to the ones discussed in [56]. A mesh with 4× 4 quartic elements with C3 interelement continuity is
Figure 4: Shallow shell: a) Geometry, material characteristics, and load disposition. b) Comparison of
results obtained with the present formulation and those from [56].
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Table 1: Computational times for different constitutive models of the shallow shell example. For all
models, the solution procedure requires 21 load increments and 52 arc-length iterations.
Model D0 D1 D2 Da
Time [s] 28.70 29.54 30.08 98.36
employed and the results are compared with those from [56] in Fig. 4b. Almost full agreement is observed
for the two different values of thickness. The results for all four constitutive models are practically the
same due to the small curviness of this shell at all configurations. Overall, these results confirm that the
presented formulation can deal with complex equilibrium paths, but it should be noted that these shallow
shells do not undergo large rotations.
The following efficiency comparison of the different constitutive models is performed on the shallow
shell with thickness t = 12.7. Three series of calculations are done for each constitutive model using
the Intel Core i7-8700 CPU. The results are linearly averaged and shown in Table 1. In each test, the
prescribed accuracy of a solution is reached after 21 load increments and a total of 52 arc-length itera-
tions. Evidently, the full analytical constitutive model Da requires significantly more computational time
than the reduced models. This is expected since the expressions for the Da model are considerably more
involved, see Appendix B, Eqs. (B1), (B2) and (B3). On the other hand, the computational time of all
three reduced models is quite similar.
5.3 Pinched semi-cylinder
The pinched semi-cylinder as in Fig. 5a is the well-documented nonlinear benchmark for thin shells
which exhibit both large displacements and rotations. A mesh with 20× 20 quadratic C1 elements is
utilized for the discretization of the one half of the symmetric structure and the deformed configuration
is displayed in Fig. 5b. A comparison of the deflection at point A, utilizing the D0 model, is shown in
Fig. 6a. Good agreement with the reference values given in [56] suggests that there is no need for more
refined constitutive relations if only the displacement field is sought for this shell.
Figure 5: Pinched semi-cylinder. a) Geometry, material characteristics, and load disposition. b) De-
formed configuration for LPF = 1. The colors show the total value of the displacement vector.
In order to examine the influence of constitutive relation on this characteristic displacement compo-
nent, the shell thickness and the load intensity are increased. The differences between the results obtained
with Da constitutive model and the reduced ones are studied. Results for three different values of thick-
ness and external forces are given in Fig. 6b, Fig. 6c, and Fig. 6d. Evidently, all of the constitutive model
types return virtually indistinguishable results for the first part of the equilibrium path, approximately
LPF < 0.3, regardless of the thickness. The discrepancies become visible for the other part of the equi-
librium path, especially when wA > R. This is due to the cumulative nonlinear effect and also because
the curviness value Kh becomes significant at some parts of the shell. It is emphasized that the curviness
is measured at an arbitrary configuration. Note that the D2 model starts to visibly deviate from the ana-
21
lytical Da model only for the shell with reference curviness Kh = 24/101.6≈ 0.236 which corresponds
to initially strongly curved shell. The distribution of curviness for two values of thickness and LPF = 1
is shown in Fig. 7 where the threshold value of Kh = 0.25 is utilized in order to depict this characteristic
more clearly. To be precise, all areas with Kh≥ 0.25 are colored with the same color. It is evident how
some parts of the shell become strongly curved.
Figure 6: Pinched semi-cylinder. a) Comparison of present formulation with [56] for thickness h and
load P; Comparison of deflection for different constitutive models for: b) 2h and 7P; c) 4h and
24P; d) 8h and 95P. Insets show zoomed parts for LPF > 0.8.
Figure 7: Pinched semi-cylinder. Distribution of curviness for LPF = 1 from three points of view for
a shell with two different values of thickness, i.e., h and 2h. For a clearer representation, a
threshold of Kh = 0.25 is applied.
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Figure 8: Pullout of a cylinder. a) Geometry, material characteristics, and load disposition. b) Compari-
son of displacements between two present models and [56] for three displacement components.
Figure 9: Pullout of a cylinder. Deformed configuration for LPF = 1 from three different perspectives.
The color-coding represents the total value of the displacement vector.
5.4 Pullout of a cylinder
The geometric nonlinear analysis of a cylinder with free ends, as in Fig. 8a, is a well-established test for
shell formulations. The shell is pulled out by the two opposing forces and three displacement components
are compared, [56]. Due to the symmetry of the problem, only one eighth of the shell is discretized using
a mesh with 60× 60 cubic C2 elements. The comparison with the reference solutions is displayed in
Fig. 8b where the good agreement is apparent. Moreover, both D0 and Da constitutive models return
virtually indistinguishable results, which is partially because the shell has small initial curviness. The
deformed configuration from three different points of view is displayed in Fig. 9.
The initial curviness of the observed shell is Kh ≈ 0.019, but for LPF = 1 the maximum curviness
of Kh = 1.42 develops at point A. The distribution of the curviness at the final configuration is given
in Fig. 10a using the threshold value of Kh = 0.25. It is evident that some parts of this shell become
strongly curved locally. The change of the curviness with respect to the load proportionality factor is
shown in Fig. 10b for two characteristic points.
In order to examine the influence of the curviness on the structural response, strains at point D are
considered in detail. This point exhibits strong local curviness, i.e., Kh≈ 0.154, and it is far enough away
from the applied force to avoid singularity issues. The four reference strains are calculated using the four
different constitutive models. Furthermore, Abaqus results using a mesh with 15700 S4R elements are
used for reference. All the results are compared in Fig. 11 and interesting complex equilibrium paths are
detected.
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Figure 10: Pullout of a cylinder. a) The distribution of the curviness for LPF = 1 from three points of
view. The threshold value of Kh = 0.25 is utilized. b) Curviness at points B and D vs. LPF.
Figure 11: Pullout of a cylinder. Comparison of reference strains at point D obtained with the four
different constitutive models and Abaqus: a) ε11; b) ε22; c) κ1; d) κ2.
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Figure 12: Pullout of a cylinder. Comparison of strains and stresses at the outer surface at point D
obtained with simplified linear and complete nonlinear relations between the reference and
equidistant strains, and Abaqus: a) εout11 ; b) ε
out
22 ; c) σ
11
out ; d) σ22out .
Most importantly, the dominant reference strain is κ1 and its equilibrium path appears to be practically
identical for all the considered models, Fig. 11c. However, a close inspection of the zoomed part for
LPF > 0.8 reveals discrepancies, Fig. 11c. The other change of curvature, κ2, is smaller for an order of
magnitude and the results obtained with different models start to visibly deviate for LPF > 0.3, Fig. 11d.
Regarding the membrane reference strains, all models return different equilibrium paths for ε11. For
ε22, the reduced models D0 and D1 differ from the full analytical Da solution. This is expected since
the deformed curviness at point D of this shell is dominated by the curvature component along the ξ
direction
(
b11 b22
)
, which reflects on these membrane strain components, see Eq. (33). The differences
in comparison with Abaqus are evident and they are mainly attributed to the application of the more
rigorous constitutive models within the present formulation. Additional influences are mesh density,
continuity, and strain averaging at the interelement boundaries, which are standard issues in FEA and
which are not of primary interest here.
Moreover, the Da constitutive model is employed for the calculation of the strains and stresses at the
outer surface at point D. The strains are calculated using the approximative linear (55) and full nonlinear
(51) relations between reference and equidistant strains. The stresses are calculated from these strains
using (71). Comparison with strains and stresses from Abaqus is given in Fig. 12. The dominant strain
component is εout11 and the results obtained with Abaqus and Eq. (55) differ from the rigorous ones,
obtained with Eq. (51). The observed difference with respect to Abaqus is mainly due to the difference
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Figure 13: Pullout of a cylinder. Comparison of strains and stresses at the outer surface at point B
obtained with simplified linear and complete nonlinear relations between the reference and
equidistant strains, and Abaqus: a) εout11 ; b) ε
out
22 ; c) σ
11
out ; d) σ22out .
in curvature change κ1, Fig. 11c. The other component of strain is smaller for an order of magnitude
and all models return similar results, which is again a consequence of the fact that b11 b22 at this point.
Regrading the stresses, discrepancies are observed for both components. The noted differences with
respect to Abaqus exist mainly due to the differences in reference strains and assumed strain distributions
over thickness. Another influence comes from the calculation of the physical components, which are here
determined rigorously by the Eq. (56). Remarkably, these differences practically vanish in the areas of
shell that are not strongly curved. As an example, let us observe the equidistant strains and stresses on
the outer surface at point B, Fig. 13. In this area, the curviness for LPF= 1 is small, Kh≈ 0.018, and the
results for strains and stresses agree well. This underscores that the observed discrepancies at the point
C are mainly due to the large curviness of shell at that particular point.
5.5 Pinched cylinder
As the final example, the pinched cylinder with rigid diaphragms is considered again, Fig. 14a. However,
the emphasis is now on the geometric nonlinear response, [56]. The reference curviness is Kh = 0.01,
as in the linear example. A mesh with 50× 50 quadratic C1 elements is employed, similar to that in
[19], two characteristic displacement components are compared in Fig. 14b, and the final deformation
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Figure 14: Pinched cylinder. a) Geometry, material characteristics, and load disposition. b) Comparison
of characteristic displacements components between two present constitutive models and [56].
Figure 15: Pinched cylinder. Deformed configuration for LPF = 1 from three perspectives. Color shows
the total value of displacement vector.
is shown in Fig. 15. For the complete equilibrium path, there are no practical differences between the
results obtained with the different constitutive models. Furthermore, the IGA results are in agreement
with the reference solution given in [56].
It is already noted that this example is very challenging for the solution using the arc-length method.
The tangent stiffness matrix has one negative eigenvalue for LPF > 0.089 which results with the erro-
neous negative sign of the predictor solution. As noted, several types of arc-length procedure are tested
here, and the one implemented in the Abaqus proved to be the most robust, [54].
Although the initial curviness of the observed shell is Kh = 0.01, the finite deformation resulted in
the final configuration with a maximum curviness at point A of Kh = 0.346. The distribution of the
curviness for LPF = 1 is given in Fig. 16a. It is evident that some parts of this shell become strongly
curved locally. The change of curviness with respect to the load proportionality factor is shown in
Fig. 16b for two characteristic points.
Next, the strains at point C are considered in detail. There, the shell is strongly curved, i.e., Kh= 0.101
for LPF = 1. The four reference strains are calculated using the four different constitutive models and
compared in Fig. 17 with the results from Abaqus, which employs a mesh with 62800 S4R elements. In
comparison to the previous example, even more complex equilibrium paths are observed. The dominant
reference strain is κ2 and it is almost identical for all studied models, Fig. 17d. An exception is the
Abaqus model which gives different results for, approximately, LPF > 0.4. A similar observation holds
for the other component of the change of curvature, Fig. 17c. Regarding the reference membrane strains,
they are in agreement for LPF < 0.1 but clear differences exist for the greater part of equilibrium path
which is especially pronounced for ε22, Fig. 17b. The constitutive models Da and D2 return practically
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Figure 16: Pinched cylinder. a) Distribution of curviness for LPF = 1 from two points of view. The
threshold value of Kh = 0.25 is utilized. b) Curviness at points B and C vs. LPF.
Figure 17: Pinched cylinder. Comparison of reference strains at point C obtained with four constitutive
models and Abaqus: a) ε11; b) ε22; c) κ1; d) κ2.
the same results, while there are small differences of membrane strains for LPF > 0.7. Additionally, the
models D0 and D1 are in close agreement.
Finally, the Da constitutive model is employed and the strains at the outer surface are calculated using
approximative (55) and exact (51) relations between reference and equidistant strains, Fig. 18. Good
agreement of all models for LPF < 0.2 is observed for the dominant strain, εout22 . However, as the load
and curviness increase, the differences become noticeable. The results obtained with approximative
relation and Abaqus are close since the dominant reference strain is κ2, Fig. 17c. The results of the other
equidistant strain component are indifferent with respect to the Eqs. (51) and (55) due to the fact that
b11 ≈ 0 at point C.
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Figure 18: Pinched cylinder. Comparison of strains at outer surface at point C obtained with linear and
complete nonlinear relations between the reference and equidistant strains, and Abaqus: a)
εout11 ; b) ε
out
22 .
6 Conclusions
A rigorous geometric nonlinear IGA shell formulation is presented and validated by thorough numerical
experiments. A key finding is that the initial configuration is not enough to determine the slenderness
of the structure; all subsequent deformed configurations must be considered. As a result, some standard
approximations of applied shell theories lead to erroneous results for strongly curved shells.
We strictly derive the nonlinear equation of equilibrium by considering the geometrically exact rela-
tions between the equidistant and reference strains of a KL shell. The isogeometric approach is applied
for the spatial discretization and the arc-length method is employed as a solution procedure. The geo-
metric stiffness matrix is derived by the variation of strains with respect to the metric. The symmetry
of this matrix is maintained which proves that the selected force and strain quantities are energetically
conjugated.
The main contribution of the paper is the full analytical integration of the virtual power along the
thickness direction which is performed using the reciprocal shift tensor. The resulting Da model is
complex and thus, computationally expensive. However, this constitutive model is exact, and allows
us to derive different reduced constitutive models D0, D1, and D2. Based on the present numerical
experiments, it follows that the approximative constitutive model D2 is well-suited for the nonlinear
modeling of strongly curved shells. It is as efficient as the simple D0 model and returns results which are
virtually indistinguishable from the exact ones. On the other hand, the displacement field of initially thin,
small-curvature shells, is practically indifferent to the more rigorous constitutive relations, no matter how
large the displacements and rotations are and the simple decoupled equations of the D0 model can return
reasonably accurate results. Regardless of the constitutive model used, nonlinear distribution of strain
through the thickness should be considered during the post-processing phase in order to obtain accurate
strain field of strongly curved shells.
A detailed inspection of the observed differences between IGA and Abaqus was beyond the scope
of the present research and it should be a subject of further research. The development of an adaptive
refinement scheme that applies higher regularity on smooth parts of the deformed structure, and lower
regularity at the kinks and similar irregularities would be an interesting improvement. Additionally, the
different constitutive relations could be applied, depending on the curviness of the observed area, like
the blended shell approach suggested in [58]. More accurate shell models should also include the change
of thickness as well, since this directly influences the curviness.
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Appendix A. Strain at an equidistant surface
If we insert Eqs. (48) and (49) into Eq. (47), the components of d¯αβ can be written as:
2d¯αβ =
(
x∗n,α −ζb∗να x∗n,ν
)(
vn,β +ζvn,3β
)
+
(
x∗n,β −ζb∗νβ x∗n,ν
)(
vn,α +ζvn,3α
)
= x∗n,αvn,β + x
∗n
,β vn,α −ζ
(
b∗να x
∗n
,ν vn,β +b
∗ν
β x
∗n
,ν vn,α − x∗n,αvn,3β − x∗n,β vn,3α
)
−ζ 2x∗n,ν
(
b∗να vn,3β +b
∗ν
β vn,3α
)
= 2dαβ −ζ
(
b∗να x
∗n
,ν vn,β +b
∗ν
β x
∗n
,ν vn,α
−x∗n,αvn,3β − x∗n,β vn,3α
)
−ζ 2x∗n,ν
(
b∗να vn,3β +b
∗ν
β vn,3α
)
.
(A1)
By utilizing Eq. (49), the terms that are multiplied by ζ can be transformed to:
x∗n,ν
(
b∗να vn,β +b
∗ν
β vn,α
)
− x∗n,α
(
Γ∗µβγx
∗,γ
n vk,µx
∗k
,3 −b∗µβ x∗,3n vk,µx∗k,3 − x∗,µn vk,µβ x∗k,3
+x∗,µn vk,µb
∗ν
β x
∗k
,ν
)
− x∗n,β
(
Γ∗µαγx∗,γn vk,µx
∗k
,3 −b∗µα x∗,3n vk,µx∗k,3 − x∗,µn vk,µαx∗k,3
+x∗,µn vk,µb
∗ν
α x
∗k
,ν
)
= x∗n,ν
(
b∗να vn,β +b
∗ν
β vn,α
)
−Γ∗µβαvk,µx∗k,3 + vk,αβ x∗k,3 − vk,αb∗νβ x∗k,ν
−Γ∗µβαvk,µx∗k,3 + vk,αβ x∗k,3 − vk,βb∗να x∗k,ν = 2x∗k,3
(
vk,αβ −Γ∗µαβ vk,µ
)
.
(A2)
Analogously, the expression in Eq. (A1) that is multiplied by ζ 2 can be written as:
x∗n,ν
(
b∗να vn,3β +b
∗ν
β vn,3α
)
= b∗να
(
Γ∗µβνvk,µx
∗k
,3 − vk,νβ x∗k,3 + vk,νb∗µβ x∗k,µ
)
+b∗νβ
(
Γ∗µανvk,µx
∗k
,3 − vk,ναx∗k,3 + vk,νb∗µα x∗k,µ
)
=
(
b∗να b
∗µ
β +b
∗ν
β b
∗µ
α
)
vk,νx
∗k
,µ −b∗να x∗k,3
(
vk,νβ −Γ∗µνβ vk,µ
)
−b∗νβ x∗k,3
(
vk,να −Γ∗µναvk,µ
)
.
(A3)
If we introduce designations for the following quantities:
κ˙αβ = x
∗k
,3
(
vk,αβ −Γ∗µαβ vk,µ
)
, (A4)
2χ˙αβ =
(
b∗να b
∗µ
β +b
∗ν
β b
∗µ
α
)
vk,νx
∗k
,µ −b∗να κ˙νβ −b∗νβ κ˙να , (A5)
the strain rate at an arbitrary point can be written as:
d¯αβ = dαβ −ζ κ˙αβ −ζ 2χ˙αβ . (A6)
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It is evident that χ˙αβ is a complicated quantity which consists of the products of curvatures, curvature
change rates, and gradients of velocity. If we notice that ν and µ are dummy indices, Eq. (A5) reduces
to:
2χ˙αβ = b
∗ν
α b
∗µ
β
(
vk,νx
∗k
,µ + vk,µx
∗k
,ν
)
−b∗να κ˙νβ −b∗νβ κ˙να = 2b∗να b∗µβ dνµ −b∗να κ˙νβ −b∗νβ κ˙να . (A7)
Using this relation, the strain rate at an arbitrary point can be expressed as a function of the strain and
curvature change rates of the shell midsurface as:
d¯αβ = 〈C¯∗µα
[(
δ νβ +ζb
∗ν
β
)
dµν −ζ κ˙µβ
]
〉sym, C¯∗µα = δ µα −ζb∗µα , (A8)
where the symmetry of the expression refers to the symmetry by indices α and β , and µ and ν , that is:
2d¯αβ = C¯
∗µ
α
[(
δ νβ +ζb
∗ν
β
)
dµν −ζ κ˙µβ
]
+C¯∗νβ
[(
δ µα +ζb
∗µ
α
)
dµν −ζ κ˙να
]
. (A9)
By introducing:
Aµναβ =
1
2
[
C¯∗µα
(
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β
)
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(
δ µα +ζb
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α
)]
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1
2
(
δ ναC¯
∗µ
β +δ
µ
β C¯
∗ν
α
)
,
(A10)
we finally obtain the compact form for the strain rate at an equidistant surface:
d¯αβ = A
µν
αβdµν −ζB
µν
αβ κ˙µν . (A11)
Appendix B. Closed-form of the constitutive matrix
The elements of the constitutive matrix given by Eq. (74) are now presented in an expanded form.
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−DλγχωMB =
(
I1−2T I2+T 2I3
)
Dλγχω +
1
2
K2M
(
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λνχω +bλνD
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)
+
1
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bωϕ K
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+
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bωϕ K
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ω
µ b
µ
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)
Dλνχϕ +
1
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bωϕ K
3
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ω
µ b
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ϕ I4
)
Dνγχϕ
+
1
4
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ϕ I4
)
Dλνϕω +
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4
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(
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χ
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µ
ϕ I4
)
Dνγϕω ,
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DλγχωB =
(
I2−2T I3+T 2I4
)
Dλγχω
+
1
2
(I3−T I4)
(
bλνD
νγχω +bγνD
λνχω +bχνD
λγνω +bων D
λγχν
)
+
1
4
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ϕDνγϕω +bλν b
ω
ϕ D
νγχϕ +bγνb
χ
ϕDλνϕω +b
γ
νb
ω
ϕ D
λνχϕ
)
.
(B3)
Here, the following designations are introduced:
K1M = 2I1−3T I2+T 2I3, K2M = I2−T I3, K3M = 4I2−4T I3+T 2I4,
K4M = 2I3−T I4, K1MB = 2I2−3T I3+T 2I4, K2MB = I3−T I4,
K3MB = 2I3−T I4,
(B4)
while T denotes the trace of the curvature tensor. Finally, utilizing symbolic capabilities of Wolfram
Mathematica, following closed-form solutions for the integrals I0− I4 are obtained:
p =
√
4b−T 2, m = bh−T
p
, n =
bh+T
p
,
r = 4+bh2+2hT, s = 4+bh2−2hT,
I0 =
h/2∫
−h/2
1
1−ζT +ζ 2b dζ =
2
p
[arctan(m)+ arctan(n)] ,
I1 =
h/2∫
−h/2
ζ
1−ζT +ζ 2b dζ
=
1
2bp
{
2T [arctan(m)+ arctan(n)]+ p ln
(
8+2bh2
r
−1
)}
,
I2 =
h/2∫
−h/2
ζ 2
1−ζT +ζ 2b dζ
=
1
b2 p
{
bhp− (2b−T 2) [arctan(m)+ arctan(n)]−T parctan( 2hT
4+bh2
)}
,
I3 =
h/2∫
−h/2
ζ 3
1−ζT +ζ 2b dζ
=
1
2b3 p
{(
6bT −2T 3)arctan(−n)+ (2T 3−6bT)arctan(m)
+p
[
2bhT +
(
T 2−b) ln(s)+ (b−T 2) ln(r)]} ,
I4 =
h/2∫
−h/2
ζ 4
1−ζT +ζ 2b dζ
=
1
12b4 p
{−12(2b2−4bT 2+T 4)arctan(−n)+12(2b2−4bT 2+T 4)arctan(m)
+p
[
bh
(−12b+b2h2+12T 2)+6T (T 2−2b) ln(s)+6(2bT −h3) ln(r)]} .
(B5)
However, it should be noted that these closed-form integrals can become unstable for small-curvature
shells and an appropriate switch in the algorithm is required in order to include reduced expressions for
which the standard thin shell assumptions are valid. Therefore, the presented expressions are ideally
suited for strongly curved parts of a shell, but the exact limit between small and big curvature shells is
arbitrary and some criteria must be introduced, e.g., Kh > 0.05.
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Appendix C. Different reduced constitutive models
Three simple reduced models are utilized in this paper, D0, D1, and D2. D0 model is analogous to the flat
plate model for which:
1
1−ζT +ζ 2b ≈ 1⇒ I0 = h, I1 = 0, I2 =
h3
12
,
DλγχωM = hD
λγχω , DλγχωMB = 0, D
λγχω
B =
h3
12
Dλγχω .
(C1)
The other two models are based on the first-order Taylor approximation:
1
1−ζT +ζ 2b ≈ 1+ζT ⇒ I0 = h, I1 =
h3
12
T = T I2, I2 =
h3
12
, (C2)
where the DM and DB terms are the same as those of the D
0 model, but the coupling term DMB differs:
for D1 model: −DλγχωMB =−
h3
12
T Dλγχω ,
for D2 model: −DλγχωMB =−
h3
12
T Dλγχω
+
h3
24
(
bγνD
λνχω +bλνD
νγχω +2bωϕ D
λγχϕ +2bχϕDλγϕω
)
.
(C3)
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